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ABSTRACT
We present an equivariant extension of the Thom form with respect to a vector
field action, in the framework of the Mathai-Quillen formalism. The associated
Topological Quantum Field Theories correspond to twisted N = 2 supersymmetric
theories with a central charge. We analyze in detail two different cases: topological
sigma models and non-abelian monopoles on four-manifolds.
1. Introduction
It is by now a well-known fact that many N = 2 supersymmetric theories
can be reformulated through a “twisting” of the supersymmetry algebra in order
to construct Topological Quantum Field Theories. The classical examples of this
procedure are the Donaldson-Witten theory [1] and the topological sigma model
[2], which arise by twisting the N = 2 supersymmetric Yang-Mills theory and the
N = 2 supersymmetric sigma model, respectively. The most useful approach to
understand the geometry involved in this kind of models is perhaps the one based
on the Mathai-Quillen formalism [3]. It was shown in [4] that the topological la-
grangian appearing in Donaldson-Witten theory can be considered as the Euler
class of a certain infinite-dimensional bundle over the space of Yang-Mills connec-
tions. The Euler class is obtained as the pullback of the Thom class of the bundle
by means of a section whose zero locus is precisely the moduli space of anti-self-
dual instantons of Donaldson theory [5, 6, 7]. The representative of the Thom
class that appears in Donaldson-Witten theory is precisely the one appearing in
[3]. Subsequently it was shown that the same construction holds in the case of
topological sigma models [8, 9]. A review of these developments can be found in
[10, 11]. In the same way, one can use the Mathai-Quillen formalism to construct
Topological Quantum Field Theories starting from a moduli problem formulated
in a purely geometrical setting.
However there are some twisted N = 2 supersymmetric theories which do
not have a clear formulation in the Mathai-Quillen framework, and therefore their
geometrical structure is not very well understood. One should then look for gen-
eralizations of this formalism to take into account the rich topological structures
hidden in the supersymmetry algebra. The purpose of this paper is precisely to ob-
tain an equivariant extension of the Thom class of a bundle with respect to a vector
field action, in the Mathai-Quillen setting. This construction can be regarded as
a generalization of the equivariant extensions of the curvature considered in [12,
13, 14, 15]. Apart form its mathematical interest, it turns out that the Topologi-
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cal Quantum Field Theories constructed with this extension correspond to twisted
N = 2 supersymmetric theories with a central charge. We will consider in detail
two different applications of our construction. The first one will be a topological
sigma model with a vector field action on the target space. The resulting theory
corresponds to the twisted N = 2 supersymmetric sigma model with potentials
constructed in [16]. Our second example will be non-abelian monopoles on four
manifolds [17], where the vector field action is now given by a U(1) symmetry
acting on the monopole fields. The topological lagrangian that one obtains in this
way can be regarded as a topological Yang-Mills theory coupled to twisted massive
hypermultiplets. This twisted model was also considered in [18], where the relation
to equivariant cohomology was pointed out.
These two examples are very interesting from the topological point of view. The
first one gives the natural framework to consider equivariant quantum cohomology
of almost-hermitean manifolds with a vector field action. The four-dimensional ex-
ample gives a very explicit connection between N = 2 quantum field theories and
the strategy proposed by Pidstrigach and Tyurin [19] to prove the equivalence be-
tween Donaldson and Seiberg-Witten invariants using non-abelian monopole equa-
tions.
The organization of this paper is as follows. In section 2 we review some results
on equivariant cohomology and on the construction of equivariant extensions of the
curvature. In section 3 we present the equivariant extension of the Thom form in
the Mathai-Quillen formalism. We consider different geometrical situations which
roughly correspond to the Weil or Cartan representatives of the usual Mathai-
Quillen form. In section 4 we apply the previous results to topological sigma
models and non-abelian monopoles on four manifolds, from a purely geometrical
point of view. In section 5 we consider the twisting of N = 2 supersymmetry with
a central charge and we relate it to the equivariant cohomology associated to a
vector field action. We also rederive the two models of section 4 by twisting the
N = 2 supersymmetric sigma model with potentials and theN = 2 supersymmetric
Yang-Mills theory coupled to massive matter hypermultiplets. Finally, in section
2
6 we state our final remarks and conclusions, and some prospects for future work.
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2. Equivariant cohomology and equivariant curvature
2.1. Equivariant cohomology
In this paper we will use the Cartan model for equivariant cohomology, and
here we will review some basic definitions. For a detailed account of equivariant
cohomology, see [12, 3,10].
Let X be a vector field acting on a manifold M . Recall that every vector field
is associated to a locally defined one-parameter group of transformations of M ,
φ : I ×M → M , with I ⊂ R being an open interval containing t = 0. If we put
φm(t) = φt(m) = φ(t,m), the vector field corresponding to φ is given by:
X(m) = φm∗0
( d
dt
)
t=0
, (2.1)
where ∗ denotes as usual the differential map between tangent spaces. A particular
case of this correspondence is a circle (U(1)) action on M with generator X .
Let L(X) be the Lie derivative with respect to the vector field X , and let
Ω∗(M) be the complex of differential forms on M . We denote by Ω∗X(M) the
kernel of L(X) in Ω∗(M). We consider now the polynomial ring generated by a
generator u of degree 2 over Ω∗(M), denoted by Ω∗(M)[u]. On this ring we define
the equivariant exterior derivative as follows:
dXω = dω − uι(X)ω, ω ∈ Ω∗[u], (2.2)
where ι(X) denotes the usual inner product with the vector field X . Notice that
d2X = −uL(X), (2.3)
and therefore dX is nilpotent on Ω
∗
X(M)[u]. Elements of Ω
∗
X [u] are called equivari-
ant differential forms. An equivariant differential form ω verifying dXω = 0 is said
to be equivariantly closed. Notice that, if ω ∈ Ω∗(M)[u] and dXω = 0, necessarily
ω ∈ Ω∗X(M)[u] because of (2.3).
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Given a closed invariant differential form, i.e., a form ω ∈ Ω∗X with dω = 0, we
don’t get an equivariantly closed differential form unless ι(X)ω = 0. But it might
be possible to find some polynomial p in the ideal generated by u in Ω∗X(M)[u]
such that the resulting form ω′ = ω + p is equivariantly closed. The form ω′ is
called an equivariant extension of ω. One of the purposes of this paper is to find
an equivariant extension of the Thom class of a vector bundle under suitable con-
ditions, in the framework of the Mathai-Quillen formalism. As the Mathai-Quillen
form involves the curvature of the vector bundle, we need an explicit expression for
the equivariant extension of the curvature form. This has been done by Atiyah and
Bott [12] following previous results by Bott in [13, 14], and by Berline and Vergne
in [15]. Here we will review this construction for general vector bundles from the
point of view of equivariant cohomology, and we will proceed in the same way to
obtain the equivariant extension of the curvature for principal bundles [15]. Both
results will be needed in the forthcoming subsections.
2.2. Equivariant curvature for vector bundles
Let π : E →M be a real vector bundle. We suppose that there is a vector field
X acting on M , and also an “action” of this field on E compatible with the action
on M . With this we mean [12, 14] that there is a differential operator Λ acting on
the space of sections of E, Γ(E):
Λ : Γ(E)→ Γ(E), (2.4)
that satisfies the derivation property
Λ(fs) = (Xf)s+ fΛs, f ∈ C∞(M), s ∈ Γ(E). (2.5)
We will be particularly interested in the case in which there is a vector field XE
acting on E in a compatible way with the action of X on M . With this we mean
the following: let φˆt, φt be the one-parameter flows corresponding to XE , X ,
respectively. Then the following conditions are verified:
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i) πφˆt = φtπ, i.e, the one-parameter flows intertwine with the projection map
of the bundle.
ii) the map Em → Eφtm between fibres is a vector space homomorphism.
Notice that, if XE , X are associated to circle actions on E, M , the above
conditions simply state that E is a G-bundle over the G-space M , with G = U(1).
An obvious consequence of (i) is that XE and X are π-related:
π∗XE = X. (2.6)
When there is a vector field XE acting on E in the above way the operator Λ is
naturally defined as:
(Λs)(m) = lim
t→0
1
t
[s(m)− φˆts(φ−t(m))]. (2.7)
It’s easy to see that, because of condition (i) above, φˆts(φ−t(m)) is in fact a section
of E, and using (ii) one can check that the derivation property (2.5) holds. We
say that the section s ∈ Γ(E) is invariant if φˆts(φ−t(m)) = s(m), for all t ∈ I,
m ∈ M . This is equivalent to Λs = 0. If s is an invariant section, XE and X are
also s-related:
s∗X = XE . (2.8)
Consider now a connection D on the real vector bundle E of rank q. We say
that D is equivariant if it conmutes with the operator Λ. Let’s write this condition
with respect to a frame field {si}i=1,···,q on an open set U ⊂ M . We define the
matrix-valued function and one-form on U , Λji , θ
j
i , by:
Λsi = Λ
j
isj, Dsi = θ
j
i sj . (2.9)
Of course, θji is the usual connection matrix. Under a change of frame s
′ = sg,
where g ∈ Gl(q,R), we can use the derivation property of Λ to obtain the matrix
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with respect to the new local frame:
Λ′ = g−1Λg + g−1Xg. (2.10)
Imposing ΛD = DΛ on the local frame {si} one gets
dΛji + θ
j
kΛ
k
i = L(X)θji + Λjkθki . (2.11)
The next step to construct the equivariant curvature is to define an operator LΛ :
Γ(E)→ Γ(E) given by
LΛs = Λs− ι(X)Ds, s ∈ Γ(E). (2.12)
The matrix associated to this operator with respect to a local frame on U is
(LΛ)
j
i = Λ
j
i − θji (X). (2.13)
Using (2.10) and the usual transformation rule for the connection matrix it is easy
to check that (LΛ)
j
i is a tensorial matrix of the adjoint type: under a change of
local frame one has
L′Λ = g
−1LΛg.
We will compute now the covariant derivative of the matrix LΛ. Using (2.11) we
get:
DLΛ =dLΛ + [θ, LΛ]
=dΛ+ [θ,Λ]− (L(X)− ι(X)d)θ − [θ, ι(X)θ]
=ι(X)(dθ + θ ∧ θ) = ι(X)K,
(2.14)
where K is the curvature matrix.
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We can introduce now the equivariant curvature KX for the vector bundle case,
defined as follows:
KX = K + uLΛ. (2.15)
This is not an equivariant differential form, not even a global differential form on
M . To achieve this we have to introduce a symmetric invariant polynomial with r
matrix entries, P (A1, · · · , Ar). Consider then the following quantity [13]:
PX = P (KX , · · · , KX) =
r∑
i=0
uiP
(i)
K , (2.16)
where
P
(i)
K =
(
r
i
)
P (
i︷ ︸︸ ︷
LΛ, · · · , LΛ;K, · · · , K).
Notice that, as LΛ is a tensorial matrix of the adjoint type, PX is a globally defined
differential form in Ω∗[u]. Using (2.14) and the properties of symmetric invariant
polynomials it is easy to prove that
ι(X)P
(i)
K = dP
(i+1)
K , (2.17)
and from this it follows that PX is an equivariantly closed differential form on M .
2.3. Equivariant curvature for principal bundles
Let π : P →M be a principal bundle with group G. We suppose that we have
two vector fields XP , X acting on P and M , respectively. We will require that the
one-parameter flow associated to XP , φˆt, conmutes with the right action of G on
P :
φˆt(pg) = (φˆtp)g, p ∈ P, g ∈ G. (2.18)
In this case, if φt is the one-parameter flow associated to X on M , we have πφˆt =
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φtπ, andX andXP are π-related. The vector fieldXP is in addition right invariant:
(XP )pg = (Rg)∗p(XP )p. (2.19)
Let θ be a connection one-form on P , and consider the function with values in the
Lie algebra of G, g, given by θ(XP ) = ι(XP )θ. Using (2.19) and the properties
of the connection it is immediate to see that θ(XP ) is a tensorial zero-form of the
adjoint type, i.e.
θ(XP )pg = θpg((Rg)∗p(XP )p) = (adg
−1)θ(XP )p. (2.20)
Suppose now that the connection one-form verifies:
L(XP )θ = 0. (2.21)
This is the analog of having an equivariant connection for a vector bundle. When
(2.21) holds we can construct an equivariant curvature for the principal bundle in
a natural way. First, notice that the covariant derivative of θ(XP ) is given by:
Dθ(XP ) = −ι(XP )K, (2.22)
where K is the curvature associated to θ. The equivariant curvature is defined as:
KXP = K − uθ(XP ). (2.23)
With the help of an invariant symmetric polynomial we can construct the form in
Ω∗(P )[u]:
PXP = P (KXP , · · · , KXP ). (2.24)
Taking into account (2.22) we can proceed as in the vector bundle case and show
that PXP is an equivariantly closed differential form on P with respect to the action
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of XP . On the other hand, because of (2.20) and the usual arguments in Chern-
Weil theory, PXP descends to a form in Ω
∗(M)[u], PXP . Recall that when a form
ω on P descends to a form ω¯ on M , and the vector fields XP on P and X on M
are π-related, we have the following identities:
φ¯(V1, · · · , Vq) = φ(X1, · · · , Xq),
(dφ¯)(V0, · · · , Vq) = (dφ)(X0, · · · , Xq),
(ι(X)φ¯)(V1, · · · , Vq−1) = (ι(XP )φ)(X1, · · · , Xq−1),
(L(X)φ¯)(V1, · · · , Vq) = (L(XP )φ)(X1, · · · , Xq),
(2.25)
where the Xi are such that π∗Xi = Vi. It follows from (2.25) that, if PXP is
equivariantly closed on P , then PXP is equivariantly closed on M . We have there-
fore obtained an appropriate equivariant extension of the curvature of a principal
bundle.
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3. Equivariant extensions of the Thom
form in the Mathai-Quillen formalism
We begin this section with a quick review of the Mathai-Quillen formalism.
Most of the details will appear in the explicit constructions of the equivariant
extensions of the Thom form for a vector field action, so we just recall some results.
A more complete presentation can be found in [3, 4, 10].
3.1. The Mathai-Quillen formalism
The Mathai-Quillen formalism [3] provides an explicit representative of the
Thom form of a vector bundle E. Usually this form is introduced in the following
way: consider an oriented vector bundle π : E → M with fibre V = R2m, equipped
with an inner product g and a compatible connection D. Let P be the principal
G-bundle over M such that E is the associated vector bundle. Then we can con-
sider the G-equivariant cohomology of V in the Weil model, and we introduce the
generators K and θ for the Weil complex W(g), of degree two and one, respec-
tively. As our vector bundle is oriented and has an inner product, we can reduce
the structural group to G = SO(2m). The universal Thom form U of Mathai and
Quillen is an element in W(g)⊗ Ω∗(V ) given by:
U = (2π)−mPf(K)exp{−xixi − (dxi + θilxl)(K−1)ij(dxj + θjmxm)}, (3.1)
where xi are orthonormal coordinate functions on V , and dxi are their correspond-
ing differentials. This expression includes the inverse of K, and in fact it should
be properly understood, once the exponential is expanded, as:
π−me−xixi
∑
I
ǫ(I, I ′)Pf(
1
2
KI)(dx+ θx)
I ′, (3.2)
where I denotes a subset with an even number of indices, I ′ its complement and
ǫ(I, I ′) the signature of the corresponding permutation. The equivalence of the two
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representations is easily seen using Berezin integration. Of course, the expression
(3.1) is easier to deal with, and in fact we can check its properties taking K−1
as a formal inverse of K. This is because we can consider (3.1) as an element of
the ring of fractions with det(K) in the denominator. Being det(K) closed, we
can extend the exterior derivative as an algebraic operator to this localization [3].
We will use later this principle to check the equivariantly closed character of our
extension. One can also obtain a universal Thom form in the Cartan model of
the G-equivariant cohomology, by putting the generator θ to zero. This gives an
alternative representative which is useful in topological gauge theories [4, 10].
The form (3.1) can be mapped to a differential form in Ω(P × V ) using the
Weil homomorphism. This amounts to substituting the algebraic generators of the
Weil complex, K and θ, by the actual curvature and connection of the principal
bundle P . The resulting form descends to E and gives an explicit representative
of the Thom form of E, which will be denoted by Φ(E). If one uses the Cartan
representative, one must enforce in addition a horizontal projection.
3.2. Equivariant extension of the Thom form: general case
One of the purposes of this paper is to find an equivariant extension of the
Thom form for a vector field action, in the framework of the Mathai-Quillen for-
malism. If we look at the expressions for the equivariant extension of the curvature,
(2.15) and (2.23), we see that they involve the contraction of the connection form
with a vector field. It is clear that for the algebraic elements in the Weil algebra
this operation is not defined, and therefore we won’t work with the universal Thom
form, but with the explicit Thom form as an element of Ω2m(E). This has also
the advantage of showing explicitly the geometry involved in the Mathai-Quillen
formalism, which is sometimes hidden behind the use of G-equivariant cohomology.
Recall that we defined an “action” of a vector field on a vector bundle E as an
operator acting on the space of sections of this bundle, and therefore not necessarily
induced by an action of XE on E. In this case we cannot consider the complex
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Ω∗XE [u]. However, given an invariant section s of this bundle, we can construct an
equivariant extension of the pullback s∗Φ(E) on M .
In the framework of the Mathai-Quillen formalism we need an inner product
on E, g, and a compatible connection D verifying:
d(g(s, t)) = g(Ds, t) + g(s,Dt), s, t ∈ Γ(E) (3.3)
Once we take into account the action of a vector field X on M , and the compatible
operator on sections Λ, we need additional assumptions to construct our equiv-
ariant extensions. First of all, we assume, as in the previous subsection, that the
connection D is equivariant. We also assume that the inner product is invariant
with respect to the compatible actions:
L(X)(g(s, t)) = g(Λs, t) + g(s,Λt), s, t ∈ Γ(E) (3.4)
From (3.3) and (3.4) one gets the following identity for the operator LΛ defined in
(2.12):
g(LΛs, t) + g(s, LΛt) = 0, s, t ∈ Γ(E) (3.5)
We suppose that our bundle E is orientable, and therefore we can reduce the
structural group to SO(2m) and consider orthonormal frames {si}i=1,···,2m such
that g(si, sj) = δij . With respect to an orthornormal frame, the connection and
curvature matrices are antisymmetric, and because of (3.5) LΛ and KX are anti-
symmetric too.
Consider now a trivializing open covering of M , {Uα}, and the corresponding
orthonormal frames {sαi }. Let s ∈ Γ(E) be an invariant section. Then, the fol-
lowing form is an equivariantly closed differential form on M and is an equivariant
extension of the pullback of the Thom class by s:
s∗Φ(E)αX = (2π)
−mPf(KX)exp{−ξαi ξαi − (dξαi + θαilξαl )(KαX)−1ij (dξαj + θαjmξαm)},
(3.6)
where s = ξis
α
i is the local expression of s in Uα, and θ
α and KαX are respectively
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the connection and the equivariant curvature matrices (the equivariant curvature
is the one given in (2.15)). Both are defined with respect to the orthonormal frame
{sαi }.
To prove our statement, we will show first of all that the s∗Φ(E)αX define a
global differential form on M , i.e., we will consider a change of trivialization on
the intersections Uα∩Uβ . The transformations of the different functions appearing
here are:
sβ = sαgαβ, ξ
β = g−1αβ ξ
α,
θβ = g−1αβθ
αgαβ + g
−1
αβdgαβ,
KβX = g
−1
αβK
α
Xgαβ,
(3.7)
where gαβ are the transition functions and take values in SO(2m). To check the
invariance of (3.6) under this transformation, notice that Pf(KX) is an invariant
symmetric polynomial for antisymmetric matrices and therefore the results of sec-
tion 2 hold. Also notice that dξαi + θ
α
ilξ
α
l transforms as a tensorial matrix of the
adjoint type (because it is the local expression of the covariant derivative Ds). It
is easily checked that s∗Φ(E)αX equals s
∗Φ(E)βX on the intersections Uα ∩ Uβ , and
therefore the expression (3.6) defines a global differential form on M .
To prove that this differential form is in the kernel of dX it is enough to do it
for the local expression in (3.6), as dX is a local operator. Again, by the results of
section 2, Pf(KX) is already equivariantly closed, and we only need to check this
property for the exponent in (3.6). The computation is lengthy but straightforward.
Recall that s is an invariant section, and locally this can be written as:
Λ(ξisi) = X(ξi)si + ξiΛjisj = 0. (3.8)
It follows then that
dXdξi = −uX(ξi) = −uΛijξj, (3.9)
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and we get the following expression:
dX{ξiξi + (dξi + θilξl)(K−1X )ij(dξj + θjmξm)}
= 2dξiξi + [u(Λilξl − θil(X)ξl) + dθilξl − θilξl](K−1X )ij(dξj + θjmξm)
− (dξi + θilξl)(dXK−1X )ij(dξj + θjmξm)
− (dξi + θilξl)(K−1X )ij [u(Λjmξm − θjm(X)ξm) + dθjmξm − θjmξm].
(3.10)
If we add to this (θil + θli)(dξl+ θlpξp)(K
−1
X )ij(dξj + θjmξm) = 0, and we take into
account that
D(K−1X )ij = d(K
−1
X )ij + θil(K
−1
X )lj − (K−1X )ilθlj , (3.11)
then (3.10) reads:
2dξiξi + (KX)ilξl(K
−1
X )ij(dξj + θjmξm)
− (dξi + θipξp)[D(K−1X )ij − uι(X)(K−1X )ij ](dξj + θjmξm)
+ (dξi + θipξp)(K
−1
X )il(KX)lmξm.
(3.12)
We can compute DK−1X − uι(X)K−1X considering K−1X a formal inverse of KX .
Notice first that, because of the Bianchi identity and (2.14), we have:
DKX = uι(X)K, dXKX = −[θ,KX ]. (3.13)
As dX extends to the ring of fractions with detKX in the denominator (because
detKX is dX-closed), we have:
dXK
−1
X = K
−1
X [θ,KX ]K
−1
X = −[θ,K−1X ], (3.14)
and finally we get:
DK−1X − uι(X)K−1X = dXK−1X + [θ,K−1X ] = 0 (3.15)
Using (3.15) and the antisymmetry of the matrices (KX)ij , θij , we see that (3.12)
equals zero. Therefore, (3.6) is in the kernel of dX , and according to (2.3) it is an
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equivariantly closed differential form. It is clear that it is an equivariant extension
of the pullback s∗Φ(E), because if we put u = 0 we recover the pullback of the
Mathai-Quillen form.
3.3. Equivariant extension of the Thom form: vector bundle case
Now we will consider the case in which we have a vector field XE acting on the
vector bundle E, and the action Λ is the one induced from it. In this case it makes
sense to construct an equivariant extension of the Thom form with respect to the
XE action. Again we will proceed locally and we will construct the extension on
trivializing open sets Uα × V .
Let π : E → M be an orientable real vector bundle of rank 2m with an action
of a vector field XE compatible with an action of X onM in the sense of subsection
2.2. On the fibre V = R2m we choose an orthonormal basis {ei} with respect to
the standard inner product (, ) on it, and we denote by xi the coordinate functions
with respect to this basis. Let {Uα} be a trivializing open covering of M , with
attached diffeomorphisms
φα : Uα × V → π−1(Uα). (3.16)
If g is the metric on E, we can reduce the structural group in such a way that
g(φα(m, v), φα(m,w)) = (v, w). This also gives an orthonormal frame for each Uα
in the standard way:
sαi (m) = φα(m, ei). (3.17)
We want to define a vector field action Xˆα on each Uα × V such that
(φ−1α )∗(XE) = Xˆα. (3.18)
To do this we will define a one-parameter flow φˆt inducing Xˆα. The natural way
is to use the conditions of compatibility of the vector field actions. On the first
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factor, Uα, we use the restriction of one-parameter flow associated to X , and we
take the appropriate t-interval for this map to be well defined. On the second
factor we use the homomorphism between fibres given by the one-parameter flow
associated to XE , φ
E
t . Written in a local trivialization, this homomorphism means
that, if p ∈ Em, φEt p ∈ Eφtm, then
(π2φ
−1
α )(φ
E
t p) = λ(t,m)π2φ
−1
α (p), (3.19)
where π2 denotes the projection of φ
−1
α on the second factor and λ is an endomor-
phism of V which depends on t, the basepoint m and the trivialization. Now we
can define:
φˆt(m, v) = (φt(m), λ(t,m)v), (m, v) ∈ Uα × V. (3.20)
Notice that the endomorphism λ verifies:
λ(s, φt(m))λ(t,m) = λ(s+ t,m). (3.21)
From the definition of φˆt it follows that
φ−1α φ
E
t = φˆtφ
−1
α , (3.22)
and this in turn implies (3.18).
The procedure is now similar to the one presented in the preceding section.
We define the following form on Ω∗(Uα × V )[u]:
Φ(E)αX = (2π)
−mPf(KX)exp{−xixi− (dxi+θilxl)(KαX)−1ij (dxj+θjmxm)}, (3.23)
where θij , (KX)ij denote respectively the connection and equivariant curvature
matrices associated to the orthonormal frame defined in (3.17). The index α label-
ing the trivialization is understood. We want to check that (3.23) defines a global
differential form on E. First we will consider the behavior of ωα = Φ(E)αX under a
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change of trivialization. The transition functions for the vector bundle are defined
as gβα = φ
−1
β φα, restricted as usual to {x} × V . The behavior of the connection
and curvature matrices under the change of trivialization is given in (3.7), and the
gluing conditions for the elements in the trivializing open sets are
(m, v)β = (m, g−1αβ (v))
α. (3.24)
The coordinate functions then transform as xi → (g−1αβ )ijxj . Following the same
steps as in the preceding section we see that the forms ωα do not change when we
go from the α description to the β description:
g∗αβω
α = ωβ. (3.25)
The forms ωα define the corresponding forms on π−1(Uα) by taking (φ
−1
α )
∗ωα on
these open sets. On the intersections we have, because of (3.25),
(φ−1α )
∗ωα = (φ−1β )
∗ωβ, (3.26)
and therefore they define a global differential form on E. Now it is clear that, if
the ωα are in the kernel of d
Xˆ
, the (φ−1α )
∗ωα are in the kernel of dXE . This is a
consequence of the following simple result: if f : M → N is a differentiable map,
ω ∈ Ω∗(N), and XM , XN are two vector fields which are f -related, then
ι(XM )f
∗ω = f∗ι(XN )ω. (3.27)
Using (3.27) and (3.18) we see that
dXE(φ
−1
α )
∗ωα = (φ−1α )
∗
(
d− ι((φ−1α )∗(XE))
)
ωα = (φ−1α )
∗(d
Xˆ
ωα). (3.28)
To prove that the ωα are in the kernel of d
Xˆ
, notice that the computation is very
similar to the one presented in the preceding section. The only new thing we must
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compute is d
Xˆ
(dxi) = −uL(Xˆ)xi. Using the definition of Lie derivative and the
action of the one-parameter group associated to Xˆ and given in (3.20), we get:
(L(Xˆ)xi)(m, v) = − d
dt
λij(−t,m)
∣∣∣
t=0
xj(v). (3.29)
The matrix appearing in this expression is not new. To see it, notice that the
matrix representation of the operator Λ with respect to the orthonormal frame
(3.17) is given by
(Λsαi )(m) = lim
t→0
sαi (m)− φEt sαi (φ−tm)
t
. (3.30)
Using (3.17) and (3.22) we obtain:
φEt s
α
i (φ−tm) = φαφˆt(φ−tm, ei) = s
α
j (m)λji(t, φ−tm), (3.31)
and this gives
(Λsαi )(m) = −sαj (m)
d
dt
λji(t, φ−tm)
∣∣∣
t=0
(3.32)
Finally, using (3.21) and comparing (3.29) and (3.32) we get
(L(Xˆ)xi)(m, v) = −Λij(m)xj(v). (3.33)
If we compare this expression to (3.9) we see that the computation of the equiv-
ariant exterior derivative of ωα with respect to Xˆ simply mimicks the one we did
in the preceding section. Therefore, the forms defined in (3.23) are in the kernel
of d
Xˆ
and the global differential form Φ(E)X they induce on E is an equivari-
antly closed differential form because of (3.28). It clearly equivariantly extends the
Mathai-Quillen expression for the Thom form of the bundle.
Consider now an invariant section s ∈ Γ(E). Because of (2.8) and (3.27) it is
easy to see that s∗Φ(E)X is an equivariantly closed differential form on the base
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manifold M . Of course the local expression of this form coincides with (3.6): the
map φαs : Uα → Uα × V is given by
(φαs)(m) = (m, ξαi (m)ei), (3.34)
where we wrote s = ξαi s
α
i . As the local expression of s
∗Φ(E)X is
(s∗Φ(E)X)
α = (φαs)∗Φ(E)αX , (3.35)
and from (3.34) this amounts to substitute xi by ξ
α
i in (3.23), we recover precisely
(3.6).
FInally, we will give a field theory expression for Φ(E)X using Berezin integra-
tion. Introduce Grassmann variables ρi for the local coordinates of the fibre. The
standard rules of Berezin integration [3, 10] give the following representative for
the local expression (3.23):
Φ(E)αX = π
−me−xixi
∫
Dρ exp
(1
4
ρiKijρj+
u
4
ρi(LΛ)ijρj+i(dxi+θijxj)ρi
)
. (3.36)
With this expression at hand, one can also introduce the standard objects in topo-
logical field theory, namely a gauge fermion and a BRST complex. Following [10],
we introduce an auxiliary field πi with the meaning of a basis of differential forms
dxi for the fibre. The BRST operator is given by the dXˆ cohomology, and therefore
we have:
Qρi = πi, Qπi = uΛijπj . (3.37)
On the original fields xi and the matrix-valued functions on Uα, θij , Kij , (LΛ)ij ,
Q acts again as d
Xˆ
. The gauge fermion is the same than the gauge fermion in the
Weil model for the Mathai-Quillen formalism [10]:
Ψ = −ρi(ixi − 1
4
θijρj +
1
4
πi), (3.38)
and it is easily checked thatQΨ gives, after integrating out the auxiliary field πi, the
exponent in (3.36). This representative will be useful to construct the equivariant
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extension for topological sigma models. Notice that in the expression (3.36) we
can work with a non-orthonormal metric on V by introducing the corresponding
jacobian in the integration measure.
3.4. Equivariant extension of the Thom form: principal bundle
case
We will consider, finally, the case in which the vector bundle E is explicitly
given as an associated vector bundle to a principal bundle π : P → M , i.e., we
consider the action of the structural groupG on P×V given by (p, v)g = (pg, g−1v),
and we form the quotient E = P × V/G. Notice that P × V can be considered as
a principal bundle over E. We assume that we have a vector field action on P ×V
whose one-parameter flow µt has the following structure:
µt(p, v) = (φ
P
t p, λ(t, p)v) p ∈ P, v ∈ V, (3.39)
where λ(t, p) is an endomorphism of V . We also assume that this flow conmutes
with the G-action on P × V :
(φPt p)g = φ
P
t (pg), λ(t, pg) = g
−1λ(t, p)g. (3.40)
Because of the above condition, a vector field action on E is induced in the natural
way, and the one-parameter flow φPt gives in turn a vector field action onM = P/G
in the way considered in subsection 2.3, with one-parameter flow φt. In addition,
with these assumptions, the vector field action on E is compatible with the vector
field action on M according to our definition in subsection 2.2. Condition (i) is
immediate, and to see that condition (ii) holds consider a trivializing open covering
for M , {Uα}, and the corresponding map να : π−1(Uα)→ G. If m ∈ Uα, φt(m) ∈
Uβ , the map between the fibres Em, Eφtm is given by the homomorphism
νβ(φ
P
t p)λ(t, p)να(p)
−1, (3.41)
where p ∈ π−1(m). Using (3.40) it is easy to see that (3.41) only depends on the
basepoint m and t. The vector fields on P , E and M will be denoted, respectively,
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by XP , XE and X . Our last assumption is that there is an inner product (, ) on V
preserved by both the action of G and the endomorphisms λ(t, p). As usual, this
means that the matrix
Λij(p) = lim
t→0
1
t
[δij − λ(t, p)ij] (3.42)
is antisymmetric, where the components are taken with respect to an orthonormal
basis ei of V . If we regard P × V as a principal bundle, the second condition in
(3.40) imply that Λ is a tensorial matrix of the adjoint type.
We will be particularly interested in the case in which λ(t, p) doesn’t depend
on p. In this case we have that Λ is a constant matrix conmuting with all the
g ∈ G (and then with all the elements in the Lie algebra g). This happens, for
instance, if G = U(m) ⊂ SO(2m) and Λ has the structure:
Λ =


0 1 . . .
−1 0 . . .
...
...
. . .
. . . 0 1
. . . −1 0


. (3.43)
This is in fact the situation we will find in the application of our formalism to
non-abelian monopoles on four-manifolds.
Let θ and K be respectively the connection and curvature of P . Assume now,
as in subsection 2.3, that L(XP )θ = 0, and that Λ is a constant matrix conmuting
with all the A ∈ g. Then DΛ = 0. We want to construct an equivariantly closed
differential form on P × V with respect to the vector field action Xˆ = (XP , XV ),
where XV is associated to the flow λ(t). First of all we define an equivariant
curvature on P × V :
KX = K + u(Λ− θ(XP )). (3.44)
Notice that Λ−θ(XP ) is a tensorial matrix of the adjoint type, and if P (A1, · · · , Ar)
is an invariant symmetric polynomial for the adjoint action of g, then we can go
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through the arguments of subsection 2.3 to show that P (KX , · · · , KX) defines an
equivariantly closed differential form on P×V . The construction of the equivariant
extension of the Thom class is very similar to the ones we have done before, but
now we define a form on P × V and we will show that it descends to E. Consider
then the following element in Ω∗(P × V )[u]:
Φ(P × V ) = (2π)−mPf(KX)exp{−xixi − (dxi + θilxl)(KαX)−1ij (dxj + θjmxm)},
(3.45)
where xi are, as before, orthonormal coordinates on the fibre V . First we will
check that the above form descends to E. For this we must check that it is right
invariant and that it vanishes on vertical fields. The first property is easily checked
using the expressions:
(R∗gxi)(v) = xi(g
−1v) = g−1ij xj(v), R
∗
gdxi = g
−1
ij dxj . (3.46)
To check the horizontal character, notice that KX is horizontal (for K is and
Λ − θ(XP ) is a zero-form), and then we only have to check it for dxi + θilxl, as
in [3]. Notice that we are considering P × V as a principal bundle over E, and
therefore a fundamental vector field A∗ (corresponding to A ∈ g) is induced by the
G-action on both factors. Using the properties of the connection one-form and the
action of G on V , one immediately gets:
ι(A∗)θij = Aij , ι(A
∗)dxi = L(A∗)xi = −Aijxj . (3.47)
We see then that Φ(P × V ) descends to E. This also simplifies the computation
of d
Xˆ
Φ(P × V ). First, we define a connection on P × V by pulling-back the
connection on P . The horizontal subspace at (p, v) is given by Hp ⊕ V , where Hp
is the horizontal subspace of TpP . If we denote by Φh the horizontal projection of
a form Φ on P × V that descends to E, we have:
dΦ = dΦh = DΦ, ι(Xˆ)Φ =
(
ι(Xˆ)Φ
)
h. (3.48)
As θ vanishes on horizontal vectors, we can put it to zero after computing the
exterior derivative of (3.45). Also notice that the covariant derivative defined by
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the pullback connection on P × V acts as the covariant derivative of P on the
differential forms in Ω∗(P ), and as the usual exterior derivative on the forms in
Ω∗(V ).
Now we can compute d
Xˆ
Φ(P × V ) in a simple way. Again we only need to
compute the equivariant exterior derivative of the exponent:
d
Xˆ
{−xixi − (dxi + θilxl)(KX)−1ij (dxj + θjmxm)}
= 2dxixi + [Kilxl − u(L(XV )xi + θilxl)](KX)−1ij dxj
− dxi[(DK−1X )ij − uι(XP )(KX)−1ij ]dxj
− dxi(KX)−1ij [Kjpxp − u(L(XV )xj + θjpxp)].
(3.49)
The computation of L(XV )xi is straightforward from the definition (3.39) and
one obtains −Λijxj as in (3.33). Assuming (2.21) we get DKX = uι(XP )K and
therefore, using the same arguments leading to (3.15), we see that (3.49) is zero. If
we denote by π˜ the projection of P ×V on E, it follows from our assumptions that
π˜∗Xˆ = XE , and therefore, using (2.25) we see that the form induced by (3.45) on
E is equivariantly closed with respect to XE .
The above computation also shows the possibility of introducing a Cartan-like
formulation of the equivariant extension we have obtained. Consider the form on
Ω∗(P × V )[u] given by
Φ(P × V )C = (2π)−mPf(KX)exp{−xixi − dxi(KαX)−1ij dxj}. (3.50)
Clearly it is still invariant under the action of G, but the horizontal character fails.
However we can consider the horizontal projection of this form, Φ(P×V )Ch, where
the horizontal subspace is defined as before by the pullback connection. This form
coincides in fact with (3.45), because the horizontal projection only applies to dxi
and gives
(dxi)h = dxi + θijxj . (3.51)
The interesting thing about (3.50) is that when one enforces the horizontal pro-
jection as in [4], one obtains the adequate formalism to topological gauge theories.
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We will then follow this procedure to obtain a representative which will be useful
later.
We suppose now that we have a metric g on P which is G-invariant. We use
this metric to define the connection on P , by declaring the horizontal subspace to
be the orthogonal complement of the vertical one. More explicitly, one starts from
the map defining fundamental vector fields on P :
Cp = Rp∗ : g→ TpP. (3.52)
Consider now the following differential form on P with values in g∗:
νp(Yp, A) = gp(Rp∗A, Yp), Yp ∈ TpP, A ∈ g.
If we denote by C†p the adjoint of Cp (which is defined by the metric on P together
with the Killing form on g), and let R = C†C, the connection one-form is defined
by:
θ = R−1ν. (3.53)
With the assumptions we have made concerning P , the condition L(XP )θ = 0 is
equivalent to the metric being invariant under the vector field action. Now we will
write (3.50) as a fermionic integral over Grassmann variables:
Φ(P × V )C = (π)−me−xixi
∫
Dρ exp
(1
4
ρi(KX)ijρj + idxiρi
)
. (3.54)
As we want to make a horizontal projection of this form, we can write K = dθ =
R−1dν, and for the equivariant curvature defined in (3.44) we have:
KX = R
−1(dν − uν(XP )) + uΛ. (3.55)
If we introduce Lie algebra variables λ, φ and use the Fourier inversion formula of
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[4], we get the expression:
Φ(P × V )C =(2π)−d(π)−me−xixi
∫
exp
(1
4
ρi(φij + uΛij)ρj + idxiρi
+ i〈dν − uν(XP ), λ〉 − i〈φ,Rλ〉
)
detR DρDφDλ,
(3.56)
where 〈, 〉 denotes the Killing form of g, and d = dim G. Notice that in this
expression the integration over λ gives a δ-function constraining φ to beK−θ(XP ),
which is precisely (2.23), the equivariant curvature of the principal bundle P . To
enforce the horizontal projection, we multiply by the normalized invariant volume
form Dg along the G-orbits, and we can write [4, 10]:
(detR)Dg =
∫
Dη expi〈η, ν〉, (3.57)
where η is a fermionic Lie algebra variable. Putting everything together we obtain
a representative for the horizontal projection:
Φ(P × V )Ch =(2π)−d(π)−me−xixi
∫
exp
(1
4
ρi(φij + uΛij)ρj + idxiρi
+ i〈dν − uν(XP ), λ〉 − i〈φ,Rλ〉+ i〈η, ν〉
)
DηDρDφDλ,
(3.58)
where integration over the fibre is understood.
We will introduce now a BRST complex in a geometrical way. As in the
preceding section, we introduce auxiliary fields πi with the meaning of a basis
of differential forms for the fibre. The natural BRST operator is precisely the
d
Xˆ
operator, but we must take into account that we have in Φ(P × V )Ch is the
horizontal projection of dxi, given in (3.51). Acting with the equivariant exterior
derivative and projecting horizontally, as we did in (3.49), we get:
d
Xˆ
(dxih) = uΛijxj + (Kij − uθij(XP ))xj . (3.59)
Remembering that φ is equivalent to the equivariant curvature of P , the BRST
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operator for the fibre is naturally given by:
Qρi = πi, Qπi = (uΛij + φij)ρj . (3.60)
Following [10] we introduce a “localizing” and a “projecting” gauge fermion:
Ψloc = −ρi(ixi + 1
4
πi), Ψproj = i〈λ, ν〉. (3.61)
On the Lie algebra elements the BRST operator acts as:
Qλ = η, Qη = −[φ, λ]. (3.62)
In order to obtain (3.58) from (3.61) using the BRST complex, we must also
take into account the horizontal projection of forms on P , like in (3.59), and the
equivariant exterior derivative is then given as
d− ι(Cφ)− uι(XP ). (3.63)
Notice that φ is an element of the Lie algebra g, and therefore Cφ is a fundamental
vector field on P . Using (3.62) and (3.63) as BRST operators acting on the gauge
fermions (3.61), the topological lagrangian (3.58) corresponding to an equivariant
extension of the Thom form is recovered. The BRST complex we have introduced
looks like a G ×XP equivariant cohomology, but one shouldn’t take this analogy
too seriously. If one formulates this equivariant cohomology in the Weil model, the
relation ι(XP )θ = 0 should be introduced. Clearly, this is not true geometrically
unless XP is horizontal. In fact, this term appears in the equivariant curvature
of the principal bundle, and therefore in the expression for φ once the δ-function
constraint has been taken into account.
The last point we would like to consider is the pullback of the equivariant
extension we have obtained for this case. As (3.45) descends to a equivariantly
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closed differential form on E, we can pull it back through an invariant section
sˆ : M → E as we did in subsection 3.3. But recall that every section of E is
associated to a G-equivariant map
s : P → V, s(pg) = g−1s(p). (3.64)
If sˆ is invariant, then the corresponding s is (3.64) verifies:
sφPt = λ(t)s. (3.65)
Consider now the map s˜ : P → P ×V given by s˜(p) = (p, s(p)). From the above it
follows that s˜∗Φ(P ×V ) is a closed equivariant differential form on P with respect
to XP , and in fact it descends to M , producing the same form we would get had
we used the section sˆ. We have then the conmutative diagram:
Ω∗(P × V )basic,E −→ Ω∗(E)
s˜∗
y ysˆ∗
Ω∗(P )basic,M −→ Ω∗(M)
(3.66)
This diagram should be kept in mind in topological gauge theories, where the
topological lagrangian is usually a basic form on P descending to M . When con-
sidering the equivariant extension of the Mathai-Quillen form we will have the
same situation, with an equivariantly closed differential form on P descending to
M .
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4. Applications
4.1. Topological sigma models
Applying the previous formalism to the topological sigma model [2] we will
obtain the model of [16], which was constructed by twisting an N = 2 supersym-
metric sigma model with potentials [20]. The Mathai-Quillen formalism for usual
sigma models can be found in [8, 9, 10].
Let M be an almost hermitean manifold on which a vector field X acts pre-
serving the almost complex structure J and the hermitean metric G:
L(X)J = L(X)G = 0. (4.1)
We have then a one-parameter flow φt associated to X which is almost complex
with respect to J :
φt∗J = Jφt∗. (4.2)
Let Σ be a Riemann surface with a complex structure ǫ and metric h inducing ǫ.
In the topological sigma model, formulated in the framework of the Mathai-Quillen
formalism, one takes as the base manifold M the space of maps
M = Map(Σ,M) = {f : Σ→ M, f ∈ C∞(Σ,M)}. (4.3)
Given a f ∈ M we can consider the bundle over Σ given by T ∗Σ ⊗ f∗TM , and
define a bundle over M by giving the fibre on f ∈M:
Vf = Γ(T ∗Σ⊗ f∗TM)+, (4.4)
where + denotes the self-duality constraint for the elements ρ ∈ Vf :
Jρǫ = ρ. (4.5)
There is a natural way to define a vector field action on M induced by the action
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of X on M :
(φtf)(σ) = φt(f(σ)), (4.6)
and similarly we can define an action on the fibre Vf :
(φ˜tρ)(σ) = φt∗(ρ(σ)). (4.7)
This action is well defined, i.e., φ˜tρ verifies the self-duality constraint (4.5) when
ρ does, due to (4.2). It is also clear that the compatibility conditions of subsection
2.2 hold: first, (φ˜tρ)(σ) takes values in T
∗
σΣ ⊗ Tφtf(σ)M , therefore φ˜tρ ∈ Vφtf ;
second, the map (4.7) is clearly a linear map between fibres, as it is given by the
action of φt∗.
Now we will define metrics onM and V. Let Y , Z vector fields onM. We can
formally define a local basis on TM from a local basis on M , given by functional
derivatives with respect to the coordinates: δ/δfµ(σ) [9]. A vector field onM will
be written locally as:
Y =
∫
d2σY µ(f(σ))
δ
δfµ(σ)
. (4.8)
With respect to this local coordinate description we define the metric on M as:
(Y, Z) =
∫
d2σ
√
hGµνY
µ(f(σ))Zν(f(σ)). (4.9)
In a similar way, if ρ, τ ∈ Vf have local coordinates ρµα, τνβ , the metric on Vf is
given by:
(ρ, τ) =
∫
d2σ
√
hGµνh
αβρµατ
ν
β . (4.10)
As X is a Killing vector for the hermitean metric G, both (4.9) and (4.10) verify
(3.4). Now we will define a connection on V compatible with (4.10). In analogy
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with the local basis for TM, we can construct a local basis of differential forms on
Ω∗(M), d˜fµ(σ), which is dual to δ/δfµ(σ) in a functional sense:
(d˜fµ(σ))
( δ
δfν(σ′)
)
= δµν δ(σ − σ′). (4.11)
Let s be a section of V, with local coordinates sµα. We will define the connection
by the local expression:
Dsµα = d˜s
µ
α +
(
Γµνλ +
1
2
DνJ
µ
κJ
κ
λ
)
sλαd˜f
ν , (4.12)
where d˜ is the exterior derivative on M, with local expression:
d˜sµα =
∫
d2
√
h
δsµα
δfν(σ)
d˜fν(σ). (4.13)
The connection defined in this way is induced by the connection on M given by:
D = DG +
1
2
DGJJ, (4.14)
where DG is the Riemannian connection canonically associated to the hermitean
metric G on M . Notice that, if M is Ka¨hler, then DGJ = 0 and the covariant
derivative reduces to the usual form. It is easy to see that (4.12) is compatible
both with the self-duality constraint and with the metric (4.10).
To define the usual topological sigma model we also need a section of V. This
section is essentially the Gromov equation for pseudoholomorphic maps Σ → M ,
and can be written as:
s(f) = f∗ + Jf∗ǫ. (4.15)
Using (4.5) it is easy to show that s is invariant under the vector field action onM.
The last ingredient we need to construct the equivariant extension of the Thom
form is to check the equivariance of the connection (4.12). As the action of the
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vector field X on M is induced by the corresponding action on M , it is sufficient
to prove the equivariance of the connection (4.14) (equivalently, if we check the
equivariance in local coordinates for M, V, we are reduced to a computation
involving the local coordinate expressions of X and D on M). If X is a Killing
vector field for the metric G one has L(X)DG = DGL(X). Using now (4.1) it is
clear that L(X) conmutes with D, hence D is equivariant and also the connection
on V defined in (4.12).
Therefore , we are in the conditions of subsection 3.3, and we can construct
the equivariant extension of the Thom form introduced there. To do this we must
first of all compute the operator LΛ = Λ − θ(X) in local coordinates. As before,
the computation reduces to a local coordinate computation on the target manifold
M . Fist we will obtain Λ through the equation (3.33). Take as local coordinates
on the fibre ρµα(σ). We have:
(L(X)ρµα)(σ) = lim
t→0
(φt∗ρ)
µ
α(σ)− ρµα(σ)
t
= lim
t→0
1
t
(∂(uµφt)
∂uν
− δµν
)
ρνα(σ), (4.16)
where uµ are local coordinates on M and we explicitly wrote the jacobian matrix
associated to φt∗. The limit above is easily computed once we take into account
that the one-parameter flow in local coordinates (uµφ)(t, u) = gµ(t, u) verifies the
differential system:
∂gµ(t, u)
∂t
= Xµ(g(t, u)), gµ(0, u) = uµ, (4.17)
where Xµ(g(t, u)) is the local coordinate expression of the vector field X associated
to the flow. Using (4.17) we get:
(L(X)ρµα)(σ) = (∂νXµ)(f(σ))ρνα(σ). (4.18)
Taking into account that the indices for local coordinates on Vf are µ, α, we finally
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obtain:
Λµανβ (f(σ)) = −(∂νXµ)(f(σ))δαβ . (4.19)
Next we compute θ(X). Again, by (4.12), we can compute it for the connection
matrix on M given by (4.14):
θ = θG +
1
2
DGJJ, (4.20)
where θG is the Levi-Civita connection associated to the metric G. Using (4.1) we
get:
θ(X) =
1
2
(
θG(X)− JθG(X)J
)
, (4.21)
To obtain the additional term in the topological action (3.36) corresponding to the
operator LΛ, we must act on coordinate fields for the fibre which are self-dual and
verify (4.5). Using this constraint it is easy to see that (4.21) is equivalent to θ(X).
We can already write this term uρi(LΛ)ijρj/4 as
∫
Σ
d2σ
√
h
u
4
hαβρνβDνXµρ
µ
α, (4.22)
where Dν is the Levi-Civita covariant derivative on M , and we have used the
Grassmannian character of the fields ρ. This is precisely the extra term obtained
in [16] after the twisting of the N = 2 supersymmetric sigma model with potentials.
In the topological action of [16] there are also two additional terms that in
the topological model come from a Q-exact fermion and have a counterpart in the
non-twisted action. Remarkably, these two terms can be interpreted as the dX-
exact equivariant differential form that is added to prove localization in equivariant
integration [15, 11]. We will present the general setting and then apply it to the
equivariant extension of the topological sigma model. As we will see, the same
construction holds for non-abelian monopoles on four-manifolds. Notice that, this
additional term being dX-exact, we can multiply it by an arbitrary parameter t
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without changing the equivariant cohomology class. This can be exploited to give
saddle-point-like proof of localization of equivariant integrals on the critical points
of the vector field action (or, equivalently, on the fixed points of the associated one-
parameter action). Suppose then that on the base manifold M there is a metric
G and that the vector field X acts as a Killing vector field with respect to G.
Consider the differential form given by
ωX(Y ) = G(X, Y ), (4.23)
Y a vector field on M . As X is Killing, we have L(X)ωX = 0, and acting with dX
gives the equivariantly exact differential form
dXωX = dωX − uG(X,X). (4.24)
The appearance of the norm of the vector field X in (4.24) is what gives localization
on the critical points of the vector field. In the topological sigma model there is
a metric on M given in (4.9) which is Killing with respect to the action of X on
M, and therefore we can add the exact form (4.24) to our equivariantly extended
topological action. In fact (4.23) is explicitly given on M by:
ωX =
∫
d2σ
√
hGµνX
µ(f(σ))d˜fν(σ). (4.25)
We can then obtain (4.24) in this case as
dXωX =
∫
d2σ
√
h
(
χµχνDµXν − uGµνXµXν
)
, (4.26)
where we have introduced the usual field theory representation of the basis of dif-
ferential forms, χµ = d˜fµ. With (4.22) and (4.26) we recover all the terms of the
sigma model of [16] beside the usual ones. The BRST complex for the equivariant
extension of the topological sigma model follows from our indications in subsection
3.3, and coincides with the one in [16] after a redefinition of the auxiliary fields, as
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we will see in sect. 5. As a last remark, notice that the observables of this topo-
logical field theory are naturally associated to the equivariant cohomology classes
on M with respect to the action of X . The equivariant extension of the topo-
logical sigma model is thus the natural framework to study quantum equivariant
cohomology.
4.2. Non-abelian monopoles on four-manifolds
Non-abelian monopole equations on four-manifolds were introduced in [17], in
the framework of the Mathai-Quillen formalism, as a generalization of Donaldson-
Witten theory [6, 5, 7, 1] and of the Seiberg-Witten abelian monopole equations
[21, 22]. Other studies of these equations can be found in [23-26, 18]. From the
physical point of view, these models can be understood as twisted N = 2 Yang-
Mills theories coupled to massless matter hypermultiplets [27, 28, 29, 25], and this
fact in turn allows a computation of the associated topological invariants using non-
perturbative results for supersymmetric gauge theories [30, 22, 31]. We will exploit
the fact that the model has a U(1) symmetry [19, 25, 18] to obtain an equivariant
extension of the Thom form in this case. We will obtain a theory which corresponds
to a twisted N = 2 Yang-Mills theory coupled to massive matter multiplets. The
connection between the U(1) equivariant cohomology and the massive theory was
pointed out in [18].
Non-abelian monopoles on four-manifolds are described by a topological gauge
theory, and then we will follow the general procedure in subsection 3.4 above. The
geometrical data of the theory are as follows [17]. Let X be an oriented, compact
four-manifold endowed with a Riemannian structure given by a metric g. We
will restrict ourselves to spin manifolds, although the generalization to arbitrary
manifolds can be done using a Spinc structure . We will denote the positive and
negative chirality spin bundles on X by S+ and S−, respectively. We also consider
on X a principal fibre bundle P with some compact, connected, simple Lie group
G. The Lie algebra of G will be denoted by g. For the matter part we need an
associated vector bundle E to the principal bundle P by means of a representation
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R of the Lie group G. Now, for the principal bundle of the moduli problem (not
to be confounded with P ), we consider P = A × Γ(X,S+ ⊗ E), where A is the
moduli space of G-connections on E, and Γ(X,S+ ⊗E) is the space of sections of
the bundle S+ ⊗ E. As the group G acting on this principal bundle we take the
group of gauge transformations of the bundle E, whose action on the moduli space
is given locally by:
g∗(Aµ) = −igdµg−1 + gAµg−1,
g∗(Mα) = gMα,
(4.27)
where M ∈ Γ(X,S+ ⊗E) and g takes values in the group G in the representation
R. Notice that, as usual in gauge theories, we suppose that the gauge group acts
on P on the left. As the fibre we take the (infinite-dimensional) vector space F =
Ω2,+(X, gE)⊕ Γ(X,S− ⊗E), where Ω2,+(X, gE) denotes the self-dual differential
forms on X taking values in the representation of the Lie algebra of G associated
to R, gE . The group of gauge transformations acts on F in the obvious way.
The Lie algebra of the group G is Lie(G) = Ω0(X, gE). The tangent space to the
moduli space at the point (A,M) is just T(A,M)M = TAA ⊕ TMΓ(X,S+ ⊗ E) =
Ω1(X, gE) ⊕ Γ(X,S+ ⊗ E), for Γ(X,S+ ⊗ E) is a vector space. We can define a
gauge-invariant Riemannian metric on P given by:
gP
(
(ψ, µ), (θ, ν)
)
=
∫
X
Tr(ψ ∧ ∗θ) + 1
2
∫
X
e(µ¯αiνiα + µ
i
αν¯
αi), (4.28)
where e =
√
g. The spinor notation follows that in [17]. An analogous expression
gives the inner product on the fibre F . The Lie algebra of the gauge group of
transformations Lie(G) is also endowed with a metric given, as in (4.28), by the
trace and the inner product on the space of zero-forms. For simplicity we will take
G = SU(N) and the monopole fields Mα in the fundamental representation of this
group.
Now we define vector field actions on P and F associated to a U(1) action as
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follows:
φPt (A,Mα) =(A, e
itMα),
φFt (χ,Mα˙) =(χ, e
itMα˙),
(4.29)
where Mα ∈ Γ(X,S+ ⊗ E), Mα˙ ∈ Γ(X,S− ⊗ E) and χ ∈ Ω2,+(X, gE). It is clear
that these actions conmute with the action of the group of gauge transformations
on both P and F . Furthermore, the metrics on these spaces are preserved by the
U(1) action. The section s : P → F defining the non-abelian monopole equations
is:
s(A,M) =
( 1√
2
(
F+ijαβ +
i
2
(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β))
)
, (Dαα˙M
α)i
)
, (4.30)
and is clearly equivariant with respect to the U(1) actions given in (4.29). Namely,
s
(
φPt (A,Mα)
)
= φFt s(A,Mα). (4.31)
We are in the conditions of subsection 3.3, and therefore we can construct the
equivariant extension of the Thom form of the associated vector bundle E = P ×
F/G. First we compute the Λ matrix on the fibre according to (3.42). In local
coordinates we get:
Λχ = 0, ΛM jα˙ = −iM jα˙. (4.32)
Notice that, if we split M jα˙ in its real and imaginary parts, Λ is given by the
matrix (3.43). From (4.29) and (2.1) we can also obtain the local expression of the
associated vector field XP in (A,Mα):
XP = (0, iMα) ∈ Ω1(X, gE)⊕ Γ(X,S+ ⊗ E). (4.33)
The additional terms we get in the topological lagrangian (3.58) after the equiv-
ariant extension are associated to Λ, which has already been computed, and to
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ν(XP ). The explicit expression of ν was obtained in [17]. For G = SU(N) and the
monopole fields in the fundamental representation it reads:
ν(ψ, µ)ij = −(d∗Aψ)ij+
i
2
(
µ¯αjM iα−M
αj
µiα−
δij
N
(µ¯αkMkα−M
αk
µkα)
) ∈ Ω0(X, gE),
(4.34)
where (ψ, µ) ∈ T(A,M)P. Using now (4.34) and (4.33) we get:
ν(0, iM iα) = M
αj
M iα −
δij
N
M
αk
Mkα. (4.35)
The additional terms in the topological lagrangian due to the equivariant extension
are then given by:
u
∫
X
e
(− i
4
v¯α˙vα˙ − iMαλMα
)
(4.36)
where we have deleted the SU(N) indices, and vα˙ is the auxiliary field associated to
the monopole coordinate on the fibre [17]. The BRST cohomology of the resulting
model was also indicated in subsection 3.4. Not all the terms coming from the
twisting of the massive multiplet appear, but we can add a dXP -exact piece to the
action starting with a differential form like the one in (4.23). Now we must take
into account that we can only add to the topological lagrangian basic forms on P
which descend to P/G. If we define a differential form on P starting from (4.28)
as
ωXP (Y ) = gP(XP , Y ), (4.37)
we can use invariance of the gP and XP under the action of the gauge group to
see that the above form is in fact invariant. But the horizontal character of (4.37)
is only guaranteed if XP is horizontal. This is in fact not true in our case, as
it follows from (4.35). Therefore we must enforce a horizontal projection of ωXP
using the connection on P, and consider the form ωhXP = ωXPh. Actually we are
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interested in
dXPω
h
XP = dω
h
XP − uι(XP)ωhXP , (4.38)
which also descends to P/G. In computing the above equivariant exterior derivative
we must be careful, as in (3.59). This can be easily done using the BRST complex
that we motivated geometrically in (3.60) and (3.63). Of course, from (4.28) and
(4.33) we can give an explicit expression of (4.37). Introducing a basis of differential
forms for Γ(X,E ⊗ S+), we get:
ωXP =
i
2
∫
X
e
(
µ¯αMα −Mαµα
)
. (4.39)
Acting with dXP or, equivalently, with the BRST operator, we get:
QωXP = −i
∫
X
eµ¯αµα −
∫
X
eM
α
φMα − u
∫
X
eM
α
Mα. (4.40)
As we will see, with (4.36) and (4.40) we reconstruct all the terms appearing in
the twisted theory with a massive hypermultiplet.
The observables in Donaldson-Witten theory and in the non-abelian monopole
theory are differential forms on the corresponding moduli spaces, and they are
constructed from the horizontal projections of differential forms on the principal
bundle associated to the problem. They involve the curvature form of this bundle.
In the equivariant extension of the monopole theory these observables have the
same form, but one must use instead the equivariant curvature of the bundle,
given in (2.23). From the point of view of the BRST complex they have the usual
form of Donaldson-Witten theory:
O = 1
8π2
Trφ2, I(Σ) =
1
8π2
∫
Σ
(
φF +
1
2
ψ ∧ ψ), (4.41)
where F is the Yang-Mills field strength, ψ represent a basis of differential forms
on A, and φ is the Lie algebra variable introduced in (3.56). As we have pointed
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out, the δ-function involved in (3.58) constrains φ to be the equivariant curvature
of the bundle P, KXP . To check that the forms in (4.41) are closed one must
be careful with the horizontal projection involved in the computation. Although
the vector field XP doesn’t act on A, the contraction ι(XP)ψ is not zero, as ψ
must be horizontally projected and the field XP must be substituted by XPh =
XP−Rp∗θ(XP). Of course, using the BRST complex this verification is automatic,
but one should not forget the geometry hidden inside it.
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5. Twisting N = 2 supersymmetric theories with a central charge
The aim of this section is to show that the topological quantum field theories
obtained in the previous section can be obtained after twisting N = 2 supersym-
metric theories having as a common feature the presence of a non-trivial central
charge. There are several reasons to believe that topological quantum field theo-
ries resulting from the equivariant extension of the Mathai-Quillen formalism are
intimately related to twisted N = 2 supersymmetric theories with a non-trivial
central charge. First, as we will discuss below, twisted N = 2 supersymmetric
theories with a non-trivial central charge have the same right to lead to topolog-
ical quantum field theories as the ones with a trivial central charge. Second, the
presence of a non-trivial central charge can be regarded as the existence of a global
U(1) symmetry with a structure very much alike the gauge structure appearing in
twisted N = 2 supersymmetric Yang-Mills theory or Donaldson-Witten theory, in
clear analogy with the structure uncovered in the previous sections.
In this section we will first develop these general features and then we will
describe in two subsections how they are realized in two and four dimensions after
considering topological sigma models with potentials and N = 2 supersymmet-
ric Yang-Mills theory coupled to massive N = 2 supersymmetric matter fields.
We will conclude that indeed the resulting topological quantum field theories are
the ones constructed in the equivariant extension of the Mathai-Quillen formal-
ism of the previous section. As already indicated in that section, the resulting
two-dimensional field theory was first constructed in [16] from the perspective of
building a generalization of topological sigma models. The four-dimensional topo-
logical quantum field theory was first presented in [18]. In the present work we will
emphasize the role played by the non-trivial central charge in the construction of
this theory from the point of view of twisting N = 2 supersymmetry.
Let us begin reviewing the standard arguments which indicate that topologi-
cal quantum field theories can be obtained after twisting N = 2 supersymmetric
theories. We will concentrate first in d = 4. In R4 the global symmetry group
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of N = 2 supersymmetry is H = SU(2)L ⊗ SU(2)R ⊗ SU(2)I ⊗ U(1)R where
K = SU(2)L ⊗ SU(2)R is the rotation group, and SU(2)I and U(1)R are inter-
nal symmetry groups. The supercharges Qiα and Q¯α˙i of N = 2 supersymmetry
transform under H as (1/2, 0, 1/2)1 and (0, 1/2, 1/2)−1, respectively, and satisfy:
{Qiα, Q¯β˙j} =δijPαβ˙,
{Qiα, Qjβ} =ǫijCαβZ,
(5.1)
where ǫij and Cαβ are SU(2) invariant tensors, and Z is the central charge
generator. The twist consists of considering as the rotation group the group
K′ = SU(2)′L⊗SU(2)R where SU(2)′L is the diagonal subgroup of SU(2)L⊗SU(2)I .
Under the new global symmetry group H′ = K′ ⊗ U(1)R the supercharges trans-
form as (1/2, 1/2)−1 ⊕ (1, 0)1 ⊕ (0, 0)1. The twisting is achieved replacing any
isospin index i by a spinor index α so that Qiα → Qαβ and Q¯β˙i → Gαβ˙ . The
(0, 0)1 rotation invariant operator is Q = Qα
α and satisfies the twisted version of
the N = 2 supersymmetric algebra (5.1), often called topological algebra:
{Q,G
αβ˙
} =P
αβ˙
,
{Q,Q} =Z.
(5.2)
In a theory with trivial central charge the right hand side of the last of these
relations effectively vanishes and one has the ordinary situation in which Q2 = 0.
The first of these relations is at the heart of the standard argument to conclude
that the resulting twisted theory will be topological. Being the momentum tensor
Q-exact it is likely that the whole energy-momentum tensor is Q-exact. This would
imply that the vacuum expectation values of Q-invariant operators which do not
involve the metric are metric independent, i.e., that the theory is topological. To
our knowledge, all the twisted N = 2 theories which have been studied satisfy
this property. The important point to remark here is that in the presence of a
non-trivial central charge the first relation in (5.2) holds and therefore one has the
same expectations to obtain a topological quantum field theory as in the ordinary
case.
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The central charge generator enters in the second relation in (5.2). We are
familiar with the presence of similar relations in Donaldson-Witten theory. In-
deed, as it is well known, the supersymmetric theories involving Yang-Mills fields
close the supersymmetric algebra up to a gauge transformation. This implies that
in a twisted theory one does not have that Q2 vanishes but that it is a gauge
transformation. This is the case of Donaldson-Witten theory in which the gauge
parameter on the right hand side of the equation for Q2 is one of the scalar fields
of the theory, and one is then instructed to consider gauge invariant operators
which are Q-invariant as the observables of the theory. In that situation, since
gauge invariant operators which are Q-exact lead to vanishing vacuum expectation
values one has to deal with the corresponding equivariant cohomology. In this
framework one can regard the second relation in (5.2) as a situation similar to the
case of Donaldson-Witten theory where the gauge symmetry is a global U(1) sym-
metry. In addition, this analogy implies that the correct mathematical framework
to formulate these theories must involve an equivariant extension.
The realization of topological quantum field theories coming from twisted N =
2 supersymmetric theories with a non-trivial central charge is very interesting.
Recall that in the four-dimensional case non-trivial central charges appear when
there are massive particles. This means that the resulting topological quantum field
theory is likely to possess a non-trivial parameter. In other words, it is likely that
the vacuum expectation values of its observables, i.e., the topological invariants,
are functions of this parameter. This is a very surprising feature, specially if
one thinks that the origin of that parameter is a mass, but, at the same time,
very appealing. Recall that in ordinary Donaldson-Witten theory as well as in its
extensions involving twisted massless matter fields the action of the theory turns
out to be Q-exact and therefore no dependence on the gauge coupling constant
appears in the vacuum expectation values. As it will be clear below, in the presence
of a non-trivial central charge the action can again be written in a Q-exact form
and therefore there is no dependence on the gauge coupling constant. However,
one can not argue so simply independence of the parameter originated from the
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mass or central charge of the physical theory. In this case the parameter not only
enters in the Q-exact action but also in the Q-transformations. Notice that vacuum
expectation values in these topological theories should be interpreted as integrals of
equivariant extensions of differential forms. From the equivariant cohomology point
of view, the parameter of the central charge is the generator of the cohomology
ring, which we have denoted by u, and the integration of an equivariant extension
of a differential form can give additional contributions because of the new terms
needed in the extension. These contributions have the form of a polynomial in u.
Therefore, we should expect a dependence of the vacuum expectation values of the
twisted theory with respect to this parameter. A different situation arises when one
considers the addition of equivariantly exact forms like (4.24) or (4.38) multiplied
by another parameter t. If some requirements of compactness are fulfilled, the
topological invariants don’t depend on this Q-exact piece, and we can compute
them for different values of t. This is precisely the usual way to prove localization
of equivariant integrals. It is likely that a rigorous application of this method
to the models considered in this paper can provide new ways to compute the
corresponding topological invariants.
In R2 the global symmetry group of N = 2 supersymmetry is H = SO(2)⊗
U(1)L ⊗ U(1)R where K = SO(2) is the rotation group, and U(1)L and U(1)R
are left and right moving chiral symmetries. There are four supercharges Qαa
transforming under H as (−1/2, 1, 0), (−1/2,−1, 0), (1/2, 0, 1) and (1/2, 0,−1).
They satisfy:
{Qα+, Qβ−} =Pαβ,
{Qα+, Qβ+} ={Qα−, Qβ−} = ǫαβZ,
(5.3)
where ǫαβ is an antisymmetric SO(2) invariant tensor, and Z is the central charge
generator. The twist consists of considering as the rotation group the diagonal
subgroup of SO(2) ⊗ SO(2)′, where SO(2)′ has as generator (UL − UR)/2 being
UL and UR the generators of U(1)L and U(1)R respectively. Under the new global
symmetry group H′ = SO(2)⊗ U(1)F , where U(1)F has as generator the combi-
nation UL+UR, the supercharges transform as (0, 1)⊕ (−1,−1)⊕ (0, 1)⊕ (1,−1).
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The twisting is achieved thinking of the second index of Qαa as an SO(2) isospin
index and, as in the four dimensional case, replacing any isospin index a by a
spinor index β so that Qαa → Qαβ. One of the two rotation invariant operators
is Q = Qα
α. It satisfies the twisted version of the N = 2 supersymmetric algebra
(5.3) or topological algebra:
{Q,Gαβ} =Pαβ,
{Q,Q} =Z,
(5.4)
where Gαβ is the symmetric part of Qαβ . Notice that one could have taken the
combination (UL+UR)/2 instead of (UL−UR)/2 in order to carry out the twisting.
This would have led to the second type of twisting discussed in [35,36,37]. However,
as shown in [36], the twisting of N = 2 supersymmetric chiral multiplets and
twisted chiral multiplets is interchanged by the two types of twisting. Thus without
loss of generality we can restrict ourselves to one type of twist since, as it becomes
clear below, we will discuss the aspects of the twist of the two types of N = 2
supersymmetric multiplets.
In the two-dimensional case the central charge generator of N = 2 supersym-
metry acts as a Lie derivative with respect to a Killing vector field. This feature
holds in the twisted theory for the right hand side of the expression for Q2. This
implies, on the one hand, that the theory exists for a restricted set of target man-
ifolds as compared to the ordinary topological sigma models. On the other hand,
the theory is very interesting because, as in the case in four dimensions, one finds
topological invariants which are sensitive to the kind of Killing vector chosen, and
one might discover new ways to compute topological invariants.
5.1. Topological sigma models with potentials
We begin recalling a few standard facts on non-linear sigma models in two
dimensions. Non-linear sigma models involve mappings from a two-dimensional
Riemann surface Σ to an n-dimensional target manifold M . The local coordinates
of this mapping can be regarded as bosonic two-dimensional fields which might be
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part of different types of supersymmetric multiplets. In N = 2 supersymmetry
there are two types of multiplets, chiral multiplets and twisted chiral multiplets.
The possible geometries of the target manifold M are severely restricted by the
different choices of multiplets taking part of a given model. In models involving
only chiral multiplets N = 2 supersymmetry requires that M is a Ka¨hler manifold
[32,33]. In the situations where both multiplets are allowed, M can be a hermitean
locally product space [34]. Twistings of models involving both types of multiplets
have been considered in [2,38,36,37].
We will concentrate in the case in which there are only chiral multiplets.
Twisted chiral multiplets lead to topological quantum field theories which are not
well suited to be reformulated in the Mathai-Quillen formalism. The case of chiral
multiplets was the one considered by E. Witten when topological sigma models
were formulated for the first time [2]. As shown in [2] it turns out that after the
twisting the constraint present in the N = 2 supersymmetric theory which imposes
M to be Ka¨hler can be relaxed and it turns out that the twisted model exists for
target manifolds which are almost hermitean. This fact is not surprising since
in the topological theory one demands only the existence of one half of a super-
symmetry out of the two supersymmetries which are present before the twisting.
However, the twisting of the most general N = 2 supersymmetric theory involv-
ing only chiral multiplets was not considered in [2]. As shown in [20] potential
terms can be introduced for N = 2 supersymmetric sigma models. It was shown
in [36] that the potential terms which appear through F -terms are not allowed
because they are inconsistent with Lorentz invariance after the twisting. However,
the other types of potential terms contained in the formulation presented in [20]
are permitted. These potential terms only exist for manifolds which admit at least
one holomorphic Killing vector field. The twisting of these models leads to the
topological quantum field theory constructed in the previous section.
Twisted N = 2 supersymmetric sigma models with potential terms associated
to holomorphic Killing vectors have been considered in [16]. As in the ordinary
case, the Ka¨hler condition onM can be relaxed and the topological model exist for
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any almost hermitean manifold admitting at least one holomorphic Killing vector.
Although most of what comes out in our analysis is already in [16], we will describe
the construction in some detail to point out the close parallelism with the situation
in four dimensions.
Let M be a 2d-dimensional Ka¨hler manifold endowed with a hermitian metric
G and a complex structure J . This complex structure verifies DρJ
µ
ν = 0, where
Dρ is the covariant derivative with the Riemann connection canonically associated
to the hermitian metric G on M . The action which results after performing the
twist of the N = 2 supersymmetric action given in [20] (with the functions h and
Gi set to zero) is [16]:
S1 =
∫
Σ
d2z
√
h
[1
2
Gµνh
αβ∂αx
µ∂βx
ν − ihαβGµνρµαDβχν −
1
8
hαβRµνστρ
µ
αρ
ν
βχ
σχτ
+GµνX
µXν − χµχνDµXν − 1
4
hαβρµαρ
ν
βDµXν
]
,
(5.5)
where h is the metric on the Riemann surface Σ. In the action (5.5), xi, i =
1, . . . , 2d, are bosonic fields which describe locally a map f : Σ → M , and ρµα,
i = 1, . . . , 2d, are anticommuting fields which are sections of Vf in (4.4). The
fields ρµα satisfy the self-duality condition, ρ
µ
α = ǫα
βJµνρ
ν
β, in (4.5). The fields χ
µ
constitute a basis of differential forms d˜fµ. In (5.5) Dα is the pullback covariant
derivative (eq. (4.12) in the Ka¨hler case, DρJ
µ
ν = 0) and X
µ is a holomorphic
Killing vector field on M which besides preserving the hermitean metric G on M
it also preserves the complex structure J . These two features are contained in the
conditions (4.1) which are equivalent to:
DµXν +DνXµ = 0, J
µ
νJ
ν
ρDµXν = DµXν . (5.6)
Notice that we are considering the model presented in [20] with only one holomor-
phic Killing vector. This is the situation which leads to the topological quantum
field theory constructed in the previous section.
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An important remark in the twisting of the topological sigma model leading
to the action (5.5) is the following. N = 2 supersymmetric sigma models exist
for flat two-dimensional manifolds. Their formulation on curved manifolds implies
the introduction of N = 2 supergravity. The twisting is indeed done on a flat
two-dimensional manifold. Once the flat action is obtained one keeps only one
half of the two initial supersymmetries and studies if the model exist for curved
manifolds. It turns out that it exists endowed with that part of the supersymmetry,
a symmetry, Q, which is odd and scalar and often called topological symmetry,
and that the resulting action is (5.5). This procedure is standard in any twisting
process. One might find, however, that in order to have invariance under the
topological symmetry, Q, it is necessary to add extra terms involving the curvature
to the covariantized twisted action. As we will discuss in the next subsection this
will be the case when considering non-abelian monopoles.
The Q-transformations of the fields are easily derived from the N = 2 super-
symmetric transformations in [20]. They turn out to be:
[Q, xµ] =iχµ,
{Q, χµ} =− iXµ,
{Q, ρµα} =∂αxµ + ǫαβJµν∂βxν − iΓµνσχνρσα,
(5.7)
where ǫ is the complex structure induced by h on Σ. As it is the case for the N = 2
supersymmetric transformations in [20], this symmetry is realized on-shell. After
using the field equations one finds:
[Q2, xµ] =Xµ,
[Q2, χµ] =∂νX
µχν ,
[Q2, ρµα] =∂νX
µρνα.
(5.8)
From these relations one can read off the action of the central-charge generator in
(5.4): Z acts as a Lie derivative with respect to the vector field Xµ. This is exactly
the action found for Q2 in the previous section (see eq. (4.18)). In addition, it is
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straightforward to verify that the first two transformations in (5.7) are the same as
the ones generated by d
Xˆ
in subsection 4.1. In order to compare the transformation
for ρµα in (5.7) to the one in (3.37) we need first to introduce auxiliary fields to
reformulate the twisted theory off-shell. As shown in [2,36], this is easily achieved
twisting the off-shell version of the N = 2 supersymmetric theory. In the twisted
theory these auxiliary fields, which will be denoted as Hµα , can be understood as a
basis on the fibre Vf . Coming from an off-shell untwisted theory, they enter in the
twisted action quadratically. As expected, after adding the topological invariant
term,
S2 =
1
2
∫
Σ
d2z
√
hǫαβJµν∂αx
µ∂βx
ν , (5.9)
the action of the off-shell twisted theory can be written in a Q-exact form:
{
Q,
∫
Σ
√
h
[1
2
hαβGµνρ
µ
α(∂βx
ν−1
2
Hνβ )+iGµνX
µχν
]}
= S1+S2−1
4
∫
Σ
√
hhαβGµνH
µ
αH
ν
β ,
(5.10)
where one has to take into account the Q-transformation of the auxiliary field Hµα
and the corresponding modifications of the third Q-transformation in (5.7):
{Q, ρµα} =Hµα + ∂αxµ + ǫαβJµν∂βxν − iΓµνσχνρσα,
[Q,Hµα ] =− iDαχµ − iǫαβJµνDβχν − iΓµνσχνHτα −
1
2
Rσν
µ
τχ
σχνρτα +DτX
µρτα.
(5.11)
The auxiliary field Hµα entering (5.10) and (5.11) is not the same as the one in
(3.37) and (3.38). Notice that in the action resulting after computing QΨ in (3.38)
the auxiliary field does not enter only quadratically in the action. A linear term
is also present. In (5.10), however, only a term quadratic in Hµα appears. Also
the transformations (5.11) and (3.37), as well as the gauge fermion in (5.10) and
(3.38), are different. Redefining the auxiliary field Hµα as:
Πµα = H
µ
α + ∂αx
µ + ǫα
βJµν∂βx
ν − iΓµνσχνρσα, (5.12)
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one finds that:
{Q, ρµα} =Πµα,
[Q,Πµα] =∂τX
µρτα,
(5.13)
and the resulting action has the form:
{
Q,
∫
Σ
√
h
[
hαβGµνρ
µ
α(∂βx
ν − i
4
Γνστχ
σρτβ −
1
4
Πνβ) + iGµνX
µχν
]}
. (5.14)
This action differs from the one that follows after acting with Q on the gauge
fermion (3.38) in the terms which are originated from iGµνX
µχν in (5.14). These
are precisely the terms obtained in (4.26) in the previous section. Thus the twisted
theory corresponds to the one obtained from the equivariant extension of the
Mathai-Quillen formalism once the localization term (4.26) is added. Notice that
from the point of view of the equivariant extension of the Mathai-Quillen formalism
this additional term can be introduced with an arbitrary multiplicative constant
t. Since the dependence on the parameter u of section 2 can be reabsorbed in the
vector field X , one has a one-parameter family of actions for a fixed Killing vector
X . Since this parameter enters only in a Q-exact term one expects that no depen-
dence on it appears in vacuum expectation values, at least if some requirements
on compactness are fulfilled. This opens new ways to compute topological invari-
ants by considering different limits of this parameter, and the resulting approach
corresponds mathematically to localization of integrals of equivariant forms. The
simplest case, the homotopically trivial maps from the Riemann surface Σ to the
target space M , was explicitly considered in [16], and some classical localization
results like the Poincare´-Hopf theorem were rederived in this framework.
As discussed in the previous section, this topological theory, as the non-
extended one, can be generalized to the case of an almost-hermitean manifold.
We will no describe here this generalization. The existence of this generalization
was first discussed in [16] and, as shown in sect. 4.2, it can also be formulated
from an equivariant extension of the Mathai-Quillen formalism.
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5.2. Non-abelian monopoles
We will begin recalling the structure of N = 2 supersymmetric Yang-Mills
coupled to massive N = 2 supersymmetric matter fields. The pure Yang-Mills
part is built out of an N = 2 vector multiplet which contains a vector field Aµ,
a right-handed spinor λiα, a left-handed spinor λ¯iα˙ and a complex scalar B. The
twisting of this part of the model leads to Donaldson-Witten theory [1]. N =
2 supersymmetric matter fields are introduced with the help of hypermultiplets.
A hypermultiplet contains two complex bosonic fields qi which transform as an
SU(2)I isodoublet, two right-handed spinors, ψqα and ψq˜α, and two left-handed
spinors ψ¯q˜α˙ and ψ¯qα˙, all transforming as a scalar under SU(2)I . The twisting of
hypermultiplets coupled to N = 2 supersymmetric Yang-Mills has been considered
in [39,27,29,28,23,25]. Under the twsiting the fields become:
Aαα˙ −→
λiα −→
λα˙i −→
B −→
B† −→
Aαα˙,
η, χαβ ,
ψαα˙,
λ,
φ,
qi −→
ψqα −→
ψq˜α˙ −→
q†i −→
ψqα˙ −→
ψq˜α −→
Mα,
µα,
vα˙,
Mα,
vα˙,
µα,
(5.15)
where the field χαβ is symmetric in α and β and therefore it can be regarded as
the components of a self-dual two form.
In order to present the form of the action after the twisting we need to recall
the geometrical data introduced at the beginning of subsection 4.2. We will be
considering a gauge group G and a principal fibre bundle P on an oriented, closed,
spin four-manifold X endowed with a Riemannian structure given by a metric gµν .
Then, the field A represents a G-connection with associated field strength Fµν .
For the matter part let us consider an associated vector bundle E to the principal
bundle P by means of a representation R of the group G. All the matter fields can
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be regarded as sections of this vector bundle. The action which results after the
twisting is:
S1 =
∫
X
√
g
[
Tr
(1
4
FµνF
µν − i√
2
ψβα˙∇αα˙χαβ + i
4
χαβ[φ, χαβ ]
+ iφ∇µ∇µλ+ i
2
ψαα˙∇αα˙η − 1
2
ψαα˙[ψ
αα˙, λ]− 1
2
[φ, λ]2 +
i
2
η[φ, η]
)
+∇µMα∇µMα + 1
4
RM
α
Mα − 1
8
M
(α
T aMβ)M (αT
aMβ)
− i
2
(v¯α˙∇αα˙µα − µ¯α∇αα˙vα˙)− iMα{φ, λ}Mα
+
1√
2
(Mαχ
αβµβ − µ¯αχαβMβ)− 1
2
(M
α
ψαα˙v
α˙ − v¯α˙ψαα˙Mα)
− 1
2
(µ¯αηMα +M
α
ηµα) +
i
4
v¯α˙φvα˙ − µ¯αλµα
+
1
4
m2M
α
Mα +
1
4
mµ¯αµα − 1
4
mv¯α˙vα˙ −mMαλMα − i
4
mM
α
φMα
]
,
(5.16)
wherem is a mass parameter. Notice the presence of a term involving the curvature
of the four-manifold X . This term must enter the action in order to preserve
invariance under the topological symmetry Q on curved manifolds. Notice also
that the matter fields with bars carry a representation R conjugate to R, the one
carried by the matter fields without bars. The Q transformations of the fields are:
[Q,Aµ] =ψµ,
{Q,ψµ} =∇µφ,
[Q, λ] =η,
{Q, η} =i[λ, φ],
[Q, φ] =0,
{Q, χaαβ} =− i
√
2(F aαβ +
i
2
M (αT
aMβ)),
[Q,Mα] =µα,
[Q,Mα] =µ¯α,
{Q, µα} =mMα − iφMα,
{Q, µ¯α} =−mMα + iMαφ,
{Q, vα˙} =− 2i∇αα˙Mα,
{Q, v¯α˙} =− 2i∇αα˙Mα.
(5.17)
These transformations close on-shell up to a gauge transformation whose gauge
parameter is the scalar field φ and up to a central charge transformation of the
type presented in (5.2) whose parameter is proportional to the mass of the field
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involved:
[Q2, Aµ] =∇µφ,
{Q2, ψµ} =i[ψµ, φ],
[Q2, λ] =i[λ, φ],
{Q2, η} =i[η, φ],
[Q2, φ] =0,
{Q2, χαβ} =i[χαβ , φ],
[Q2,Mα] =mMα − iφMα,
[Q2,Mα] =−mMα + iMαφ,
{Q2, µα} =mµα − iφµα,
{Q2, µ¯α} =−mµ¯α + iµ¯αφ,
{Q2, vα˙} =mvα˙ − iφvα˙,
{Q2, v¯α˙} =−mv¯α˙ + iv¯α˙φ.
(5.18)
Notice that for the last transformation in the first set and for the last two in the
second set we have made use of the field equations. The central charge acts trivially
on the pure Yang-Mills fields or Donaldson-Witten fields but non-trivially on the
matter fields. As it will become clear in the forthcoming discussion this symmetry
is precisely the U(1) symmetry entering the equivariant extension carried out in
subsection 4.2. Notice also that the transformations in (5.17) are the ones generated
by dXP in that subsection, with im playing the role of the parameter u, except for
the fields χαβ , vα˙ and v¯α˙. In fact, the mass terms in (5.16) are precisely (4.36)
and (4.40). The terms coming from the dXP -exact term can have an arbitrary
multiplicative parameter t, i.e., they enter in the exponential of (3.58) as tQωXP .
This parameter must be t = −im/4 in order to recover the twisted theory (notice
that the exponential of (3.58) has to be compared to minus the action of the twisted
theory).
Our next goal is, as in the case of topological sigma models, to construct
an off-shell version of the twisted model. There are two possible ways to build
an off-shell version. One could consist of considering off-shell versions of N = 2
supersymmetry. This have been analyzed in [39,27,28] showing that it does not
lead to a formulation whose action is Q-exact. As shown for first time in [39] one
needs to introduce an auxiliary field different than the one originated from the
off-shell supersymmetric theory in order to have an off-shell formulation with a
Q-exact action. This is precisely the same conclusion that is achieved considering
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a second way to construct an off-shelf formulation. In this alternative approach
the steps to be followed are the same ones as in the case of the topological sigma
models: introduce auxiliary fields Kαβ , kα˙ and k¯α˙ in the transformations of χαβ ,
vα˙ and v¯α˙ respectively, and define the transformations of these fields in such a
way that Q2 on χµν , vα˙ and v¯α˙ closes without making use of the field equations.
Following this approach one finds:
{Q, χaαβ} =Kaαβ − i
√
2(F aαβ +
i
2
M (αT
aMβ)),
{Q, vα˙} =kα˙ − 2i∇αα˙Mα,
{Q, v¯α˙} =k¯α˙ − 2i∇αα˙Mα,
[Q,Kaαβ ] =i[χαβ , φ]
a − i√
2
[∇(αβ˙ψβ)β˙ ]a +
1√
2
(µ¯(αT
aMβ) +M (αT
aµβ)),
[Q, kα˙] =mvα˙ − iφvα˙ − 2ψαα˙Mα + 2i∇αα˙µα,
[Q, k¯α˙] =−mvα˙ + iφvα˙ − 2ψαα˙Mα + 2i∇αα˙µ¯α.
(5.19)
The non-trivial check now is to verify thatQ2 on the auxiliary fields closes properly.
One easily finds that this is indeed the case:
[Q2, Kαβ] =i[Kαβ , φ],
[Q2, kα˙] =mkα˙ − iφkα˙,
[Q2, k¯α˙] =−mkα˙ + ik¯α˙φ.
(5.20)
It is important to remark that these relations imply that Q closes off-shell. Our
next task is to show that S1 is equivalent to a Q-exact action.
After adding the topological invariant term involving the Chern class,
S2 =
1
4
∫
X
F ∧ F,
one finds that the off-shell twisted action of the model can be written as a Q-exact
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term:
{Q,Λ0} = S1 + S2 + 1
4
∫
X
√
g
(
KαβKαβ + k¯
α˙kα˙
)
, (5.21)
where,
Λ0 =
∫
X
√
g
[1
4
χaαβ
(
i
√
2(F aαβ +
i
2
M (αT
aMβ)) +K
a
αβ
)
+
1
8
v¯α˙(2i∇αα˙Mα + kα˙)− 1
8
(2i∇αα˙Mα + k¯α˙)vα˙
+ Tr
(
iλ∇αα˙ψαα˙ − i
2
η[φ, λ]
)− 1
2
(µ¯αλMα −Mαλµα)− 1
8
m(µ¯αMα −Mαµα)
]
(5.22)
The auxiliary field entering (5.22) is not the same as the one entering (3.60).
Again, the auxiliary fields Kαβ, kα˙ and k¯α˙ in (5.22) appear only quadratically in
the action, contrary to the way they appear in the Mathai-Quillen formalism. The
relation between these two sets of fields can be easily read comparing (3.61) and
(5.22), or (3.60) and (5.19). Redefining the auxiliary fields as
Haαβ =K
a
αβ − i
√
2(F aαβ +
i
2
M (αT
aMβ)),
hα˙ =kα˙ − 2i∇αα˙Mα,
h¯α˙ =k¯α˙ − 2i∇αα˙Mα,
(5.23)
one finds that,
[Q,Hαβ ] =i[Hαβ , φ],
[Q, hα˙] =mvα˙ − iφvα˙,
[Q, h¯α˙] =−mvα˙ + iv¯α˙φ,
(5.24)
and the resulting action takes the form:
{Q,Λ} (5.25)
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where,
Λ =
∫
X
√
g
[1
4
χaαβ
(
i2
√
2(F aαβ +
i
2
M (αT
aMβ)) +H
a
αβ
)
+
1
8
v¯α˙(4i∇αα˙Mα + hα˙)− 1
8
(4i∇αα˙Mα + h¯α˙)vα˙
+ Tr
(
iλ∇αα˙ψαα˙ − i
2
η[φ, λ]
)− 1
2
(µ¯αλMα −Mαλµα)− 1
8
m(µ¯αMα −Mαµα)
]
(5.26)
The action (5.25) differs from the one that follows after acting with Q on the
gauge fermions (3.61) in the terms which are originated from −Tr( i2η[φ, λ]) and
from −18m(µ¯αMα −M
α
µα). The absence of a term like the first of these two in
the Mathai-Quillen formalism is a well known fact. It is believed that its presence
does not play any important role towards the computation of topological invariants.
Respect to the second term, it turns out that it has the same origin as the extra
term appearing in the case of topological sigma models with potentials. This term
is precisely the localization term discussed in (4.40) and from a geometrical point
of view it has the same origin as (4.26). Again, this term can be introduced with
an arbitrary constant providing a model in which an additional parameter can be
introduced. As in the case of topological sigma models one would expect that the
vacuum expectation values of the observables of the theory are independent of this
parameter, and therefore that one can localize this computation to the fixed points
of the U(1) symmetry, as it has been argued in [19] from a different point of view.
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6. Conclusions
In this paper we have obtained equivariant extensions of the Thom form with
respect to a vector field action, in the framework of the Mathai-Quillen formalism.
This construction can be regarded as a generalization of the equivariant curvature
constructions considered by Atiyah and Bott and Berline and Vergne. Furthermore,
we have shown that this equivariant extension corresponds to the topological action
of twisted N = 2 supersymmetric theories with a central charge. The formalism
we have introduced gives a unified framework to understand the topological struc-
ture of this kind of models. The appearance of potential or mass terms in twisted
N = 2 theories has been sometimes misleading, because one can think that these
additional terms spoil the topological invariance of the theory. As we have shown,
these models have a very simple topological structure in terms of equivariant coho-
mology with respect to a vector field action, and of the corresponding equivariant
extension of the Mathai-Quillen form. We also have analyzed in detail two explicit
realizations of this formalism: topological sigma models with a Killing, almost
complex action on an almost hermitean target space, and topological Yang-Mills
theory coupled to twisted massive hypermultiplets.
There are other moduli problems, as the Hitchin equations on Riemann sur-
faces, with a U(1) symmetry or a vector field action similar to the ones considered
in this paper. It would be interesting to study their Mathai-Quillen formulation
and its equivariant extension, and to relate them to twisted supersymmetric theo-
ries. But perhaps the most interesting extension of our work is to implement the
localization theorems of equivariant cohomology in this framework. It has been
shown in [12, 15] that the integral of a closed equivariant differential form can be
always restricted to the fixed points of the corresponding U(1) or vector field ac-
tion. This can be used to relate, for instance, characteristic numbers to quantities
associated to this zero locus. The topological invariants associated to topological
sigma models and non-abelian monopoles on four-manifolds can be understood
as integrals of differential forms on the corresponding moduli spaces. In the first
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case we get the Gromov invariants, and in the second case a generalization of the
Donaldson invariants for four-manifolds. If we consider the equivariant extension
of these models, we could compute the topological invariants in terms of adequate
restrictions of the equivariant integration to the zero locus of the corresponding
abelian symmetry. In fact, it has been argued in [19] that localization techniques
can provide a explicit link between the Donaldson and the Seiberg-Witten invari-
ants, because their moduli spaces are precisely the fixed points of the abelian U(1)
symmetry considered in (4.29), acting on the moduli space of SU(2) monopoles.
Perhaps the techniques of equivariant integration, applied to the equivariant dif-
ferential forms considered in this paper, can give an explicit proof of this link.
However, a key point when one tries to apply localization techniques is the com-
pactness of the moduli spaces. The vector field action can have fixed points on
the compactification divisors which give crucial contributions to the equivariant
integration. This situation arises in both the topological sigma model and the
non-abelian monopoles on four manifolds. It can be easily seen that, without
taking into account the compactification of the moduli space, one doesn’t obtain
sensible results for the quantum cohomology rings or the polynomial invariants of
four-dimensional manifolds.
In our four-dimensional example we have seen that the equivariant extension
of the non-abelian monopole theory corresponds to the twisted N = 2 Yang-Mills
theory coupled to massive hypermultiplets. It would be very interesting to use
the exact solution of the physical theory given in [21] to obtain the topological
correlators of the twisted theory, as it has been done in [30, 40, 22, 31]. It seems
that the duality structure of N = 2 and N = 4 gauge theories “knows” about the
compactification of the moduli space of their twisted counterparts, and therefore
the physical approach would shed new light on the localization problem.
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